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We use the generator-coordinate method with realistic shell-model interactions to closely approx-
imate full shell-model calculations of the matrix elements for the neutrinoless double-beta decay
of 48Ca, 76Ge, and 82Se. We work in one major shell for the first isotope, in the f5/2pg9/2 space
for the second and third, and finally in two major shells for all three. Our coordinates include not
only the usual axial deformation parameter β, but also the triaxiality angle γ and neutron-proton
pairing amplitudes. In the smaller model spaces our matrix elements agree well with those of full
shell-model diagonalization, suggesting that our Hamiltonian-based GCM captures most of the im-
portant valence-space correlations. In two major shells, where exact diagonalization is not currently
possible, our matrix elements are only slightly different from those in a single shell.
PACS numbers: 21.10.-k, 21.60.-n, 27.40.+z, 27.50.+e
I. INTRODUCTION
Experiments to measure the rate of neutrinoless
double-beta (0νββ) decay are increasing in number and
scale [1], in part because they offer the only real hope
of determining whether neutrinos are Majorana parti-
cles. The rate of decay, however, depends on nuclear
matrix elements that must be accurately calculated to
allow experimentalists to plan efficiently and interpret
results. At present, the predictions of various nuclear
models for the matrix elements differ by factors of up to
three [2, 3], and it is not possible to estimate the theoret-
ical uncertainty in any of them. Improving the accuracy
of matrix-element calculations has become an important
goal for the nuclear-structure community.
The methods used to calculate the matrix elements in-
clude the shell model [4–6], the interacting boson model
(IBM) [7], the quasiparticle random phase approximation
(QRPA) [8–10], and the generator coordinate method
(GCM) [11–14]. Both the QRPA and the GCM have
been used in conjunction with energy density functional
(EDF) theory [8, 12, 13]. These methods, which allow
large single-particle spaces (and thus allow unrestricted
collective deformation and pairing) but do not contain
all kinds of correlations, yield matrix elements that are
usually larger than those of the shell model, which em-
ploys only a few single-particle levels but allows arbitrar-
ily complex correlations within them. Recent work to
compare the shell-model with the GCM [15] suggests that
the extra valence-space correlations, particularly those
due to isoscalar pairing [16], are responsible for much of
the difference in the predictions of the two methods.
In an attempt to include all relevant physics, Ref. [14]
∗ Email: engelj@physics.unc.edu
† Email: jholt@triumf.ca
proposed combining the virtues of the large-single-
particle-space methods with those of the shell model by
using the neutron-proton pairing amplitudes as genera-
tor coordinates in the GCM approach, within spaces of
two or more major shells. Though promising, the re-
sults in that paper were obtained with the restriction (as
in prior GCM work on 0νββ decay [11–13]) that defor-
mation be axially symmetric and with a simple pairing-
plus-quadrupole interaction. Here we include a measure
of triaxial deformation parameter as a generator coor-
dinate and work with genuine shell-model interactions.
We use a one-shell calculation to compare our results,
obtained with carefully fit and widely used interactions
[6], to those of exact diagonalization with the same inter-
actions. Having verified the accuracy of our approach, we
move on to a two-shell spaces, in which exact diagonaliza-
tion is not currently possible. Because no careful Hamil-
tonian tuning has yet been done for the fp− sdg model
space appropriate for A ≈ 80, we use the perturbation-
theoretic methods discussed in Ref. [17] to derive an in-
teraction. Our results are the first for 76Ge and 82Se of
a realistic shell-model-like calculation in more than one
shell, and the first exploration of the effects of triaxial-
ity on ββ decay. Recent experiments indicate that the
deformation of 76Ge is indeed triaxial [18].
This paper is organized as follows: Section II presents
a brief overview of the 0νββ matrix elements and of the
GCM with a Hamiltonian. Section III contains results
in a single shell, which we use to test our approach by
comparing with exact diagonalization. Section IV, which
presents 0νββ matrix elements in two shells, is the heart
of the paper. Section V contains a preview of future work
and a summary.
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2II. MATRIX ELEMENTS AND METHODS
In the closure approximation, the quantity we need is
the matrix element of a two-body operator between the
ground states of the initial and final nuclei. If the decay is
produced by the exchange of a light-Majorana neutrino
with the usual left-handed currents, we can write the
nuclear matrix element as [19, 20]
M0ν = M0νGT −
g2V
g2A
M0νF +M
0ν
T (1)
=
2R
pig2A
∫ ∞
0
q dq 〈F |
∑
a,b
j0(qrab) [hGT(q)~σa · ~σb + hF(q)] + j2(qrab)hT (q) [3σ1 · ~rabσ2 · ~rab − σ1 · σ2]
q + E − (EI + EF )/2
τ+a τ
+
b |I〉 ,
where GT, F, and T refer to the Gamow-Teller, Fermi,
and tensor parts of the matrix element. The vector
and axial coupling constants are given by gV = 1 and
gA ≈ 1.27, |I〉 and |F 〉 are the ground-states of the ini-
tial and final nuclei, rab is the distance between nucleons
a and b, j0 and j2 are the usual spherical Bessel func-
tions, E¯ is an average excitation energy (to which the
matrix element is not sensitive), and the nuclear radius
R = 1.2A1/3 fm makes the matrix element dimensionless.
The functions hF(q), hGT(q), and hT(q) contain nucleon
form factors and forbidden corrections to the weak cur-
rent. We modify our wave functions at short distances
with the “Argonne” correlation function [21]. A detailed
presentation of the form of the matrix element can be
found in Ref. [20].
The crucial ingredients in Eq. (1) are the initial and
final ground states |I〉 and |F 〉. To obtain them, we use a
shell-model effective Hamiltonian Heff in a valence space
whose size we are free to choose. The first step in the
GCM procedure is to generate a set of reference quasi-
particle vacuua |ϕ(q1, q2, . . .)〉 that provide the minimum
energy such states can have while constrained to also
have expectation values qi = 〈Oi〉 for a set of collective
operators Oi. Here we take the operators Oi to be:
O1 = Q20 , O2 = Q22 ,
O3 = 1
2
(P0 + P
†
0 ) , O4 =
1
2
(S0 + S
†
0) ,
(2)
where
Q2M =
∑
a
r2aY
2M
a ,
P †0 =
1√
2
∑
l
√
2l + 1 [c†l c
†
l ]
L=0,J=1,T=0
000 ,
S†0 =
1√
2
∑
l
√
2l + 1 [c†l c
†
l ]
L=0,J=0,T=1
000 ,
(3)
withM labeling the angular-momentum z-projection and
a labeling nucleons, and the brackets signifying the cou-
pling of orbital angular momentum, spin, and isospin
to various values, each of which has z-projection zero.
The operator c†l creates a particle in the single-particle
level with orbital angular momentum l. The operator
P †0 creates a correlated isoscalar pair, and the operator
S†0 a correlated isovector neutron-proton pair. We ac-
tually only constrain one of the two pair amplitudes at
a time: the isoscalar amplitude when computing M0νGT
(and M0νT , which is small) and the isovector amplitude
when computing M0νF . The usual deformation parame-
ters β and γ are related to q1 ≡ 〈Q20〉 and q2 ≡ 〈Q22〉
by β = (χb2/ω0)
√
q21 + 2q
2
2 (with b the oscillator length,
given by 2R/
√
5 (3A/2)−1/6, ω0 = 41.2A−1/3, χ = 0.4)
and γ = tan−1(
√
2q2/q1).
To efficiently include the effect of neutron-proton pair-
ing, we start, as in Ref. [14], from a Bogoliubov transfor-
mation that mixes neutrons and protons, i.e. from quasi-
particle operators of the (schematic) form
α† ∼ upc†p + vpcp + unc†n + vncn. (4)
In the full equations single-particle states are summed
over, so that each of the coefficients u and v are replaced
by matrices, as described in Ref. [22]. We then solve
constrained Hartree-Fock-Bogoliubov (HFB) equations,
minimizing expectation values of the form
〈H ′〉 = 〈Heff〉 − λZ (〈NZ〉 − Z)− λN (〈NN 〉 −N)
−
∑
i
λi (〈Oi〉 − qi) , (5)
where the NZ and NN are the proton and neutron num-
ber operators, λZ and λN are corresponding Lagrange
multipliers, the sum over i includes up to three of the 4
Oi in Eq. (2), and the other λi are Lagrange multipliers
to constrain the expectation values of those operators to
qi. We solve these equations many times, constraining
each time to a different point on a mesh in the space of
qi.
Having obtained a set of HFB vacua with various
amounts of axial deformation, triaxial deformation, and
isoscalar/isovector pairing, we construct the GCM state
by superposing projected HFB vacua:
|ΨJNZσ〉 =
∑
K,q
fJKqσ |JMK;NZ; q〉 , (6)
3where |JMK;NZ; q〉 ≡ Pˆ JMK PˆN PˆZ |ϕ(q)〉 and q is short
for the set of all qi. Here, the Pˆ
′s are projection operators
onto states with well-defined angular momentum J and
z-component M , neutron number N , and proton number
Z [23]. The weight functions fJKqσ , where σ enumerates
states with the same quantum numbers, follow from the
Hill-Wheeler equations [23]∑
K′,q′
{
HJKK′(q; q′)− EJσN JKK′(q; q′)
}
fJK
′
q′σ = 0, (7)
where the Hamiltonian kernel HJKK′(q; q′) and the norm
kernel N JKK′(q; q′) are given by
HJKK′(q; q′) = 〈ϕ(q)|HeffPˆ JKK′ PˆN PˆZ |ϕ(q′)〉 ,
N JKK′(q; q′) = 〈ϕ(q)| Pˆ JKK′ PˆN PˆZ |ϕ(q′)〉 .
(8)
To solve Eq. (7), we first diagonalize the norm kernel N
and then use the nonzero eigenvalues and correspond-
ing eigenvectors to construct a set of “natural states.”
Finally, we diagonalize the Hamiltonian in the space of
these natural states to obtain the GCM states |ΨJNZσ〉
(for details, see Refs. [24, 25]). We carry out this entire
procedure in both the initial and final nucleus, using the
lowest J = 0 states in each as the ground states between
which we sandwich the 0νββ operator to obtain the ma-
trix element M0ν from Eq. (1).
III. TESTS IN A SINGLE SHELL
Before undertaking a two-major-shell calculation, we
need to test our GCM with a realistic interaction in a
model space small enough to allow exact diagonaliza-
tion. We begin by performing GCM calculations in the
pf -shell, comprising the 0f7/2, 0f5/2, 1p3/2, and 1p1/2
orbits. Using use the KB3G interaction [26], which ac-
counts successfully for the spectroscopy, electromagnetic
and Gamow-Teller transitions, and deformation of pf -
shell nuclei [27], we compute the 0νββ matrix elements
of 48Ca, 54Ti, and 54Cr. Although the last two nuclei
are not candidates for an experiment, they offer oppor-
tunities to test the GCM. Because these nuclei show no
evidence of triaxial deformation, we need only use the ax-
ial quadrupole moment q1 ≡ 〈Q20〉 and isoscalar pairing
amplitude φ ≡ q3 = 1/2 〈P0 + P †0 〉 as generator coordi-
nates for the computation of M0νGT .
Figure 1 shows the GT matrix elements that result
from this procedure, alongside those coming from exact
diagonalization. To highlight the effects of isoscalar pair-
ing in the GCM, we present the results of two separate
GCM calculations. In the first, as in Ref. [16], we set all
the two-body matrix elements of the Hamiltonian with
angular momentum J = 1 and isospin T = 0 to zero,
because those are the ones through which isoscalar pair-
ing acts. The resulting GT matrix elements overestimate
the exact one substantially. In the second calculation, we
use the full KB3G interaction, with the result that the
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FIG. 1. GCM results for the Gamow-Teller part of 0νββ
matrix elements of 48Ca, 54Ti, and 54Cr, compared with the
results of exact diagonalization.
matrix element decreases, coming quite close to the ex-
act one. The sensitivity to isoscalar pairing, pointed out
long ago for the QRPA in Refs. [28] and [29] and more
recently for the GCM and shell model in Refs. [14] and
[16], shows that the neutron-proton mixing in our HFB
states is essential. The good agreement with exact diag-
onalization suggests that once it is included, we are not
omitting anything of importance.
We turn now to one of the nuclei in which we are really
interested: 76Ge, used or to be used in many ββ experi-
ments [30–33]. Shell model calculations of the 0νββ de-
cay of this nucleus [5, 6, 34, 35] have usually been set in
the so-called f5pg9 space, comprising the 0f5/2, 1p3/2,
1p1/2, and 0g9/2 orbits, and have employed either the
JUN45 [36] or GCN2850 [37] Hamiltonian. The f5pg9
model space is not a complete major shell; it includes
levels from two different major shells and is missing, in
particular, the spin-orbit partners of the 0f5/2 and 0g9/2
orbits. We discuss the effects of including these and other
orbits later.
As we already mentioned, both theory [38, 39] and
experiment [18, 40] indicate triaxial deformation in low-
lying states of even-even Ge and Se isotopes near A = 76.
Our calculations predict it as well. Figure 2 displays
the 76Ge and 76Se quantum-number-projected potential-
energy surfaces (PES’s), at isoscalar-pairing amplitude
φ = 0, produced by the GCM with the GCN2850 inter-
action. The minimum is at β2 = 0.23, γ = 24
◦ in 76Ge,
a result that agrees well with those of EDF-based GCM
calculations [38], and at at β2 = 0.28, γ = 45
◦ in 76Se. In
addition to this “static” triaxial deformation, dynamical
triaxial effects arise from the γ-soft PES’s in both iso-
topes. The GCM, which mixes states with a range of γ
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FIG. 2. Projected potential-energy surfaces produced by the
GCN2850 interaction, with the isoscalar pairing amplitude
φ = 0, in the (β, γ) plane for 76Ge and 76Se.
values, incorporates dynamical effects.
Our complete calculations include as generator coordi-
nates both deformation parameters q1 and q2 (or equiv-
alently β and γ) as well as one of the proton-neutron-
pairing parameters q3 and q4. We can assess the effects
of triaxial shape fluctuations by including or excluding
triaxially deformed configurations from the set of GCM
basis states. Including them has clear effects on spec-
troscopy. Fig 3 shows the spectra of low-lying 0+ and
2+ states in the two important A = 76 isotopes with
GCN2850; triaxial shapes, though they have a relatively
small effect on the first excited 0+ state, lower the second
such state significantly in both nuclei, and in 76Se by over
an MeV. The values for the strength B(E2; 0+ → 2+)
are affected in a similar way. With triaxial deforma-
tion (and with the usual effective charges eeffp = 1.5e and
eeffn = 0.5e) the values in e
2b2 are 0.172 in 76Ge (vs. the
exact-diagonalization value of 0.158) and 0.275 in 76Se
(vs. the exact value of 0.209). Without triaxial deforma-
GCN2850 JUN45
Axial GCM 2.71 3.42
Triaxial GCM 2.33 2.94
Exact 2.81 [6] 3.37 [35]
TABLE I. The matrix elements M0ν produced in the GCM by
GCN2850 and JUN45 for the decay of 76Ge, with and with
out triaxial deformation as a generator coordinate, and by
those same interactions with exact diagonalization.
tion the numbers are smaller: 0.154 in 76Ge, and 0.268
in 76Se.
Triaxial deformation has a non-negligible effect on the
0νββ matrix element as well. As Table I shows, our full
GCM calculation gives values for the matrix elements
M0ν that are about 15% smaller than the results ob-
tained without triaxially deformed configurations. The
full matrix elements, though slightly suppressed, are in
good agreement with those of exact diagonalization (in
this calculation only, we neglected the very small matrix
element M0νT ). The GCM approach with neutron-proton
pairing indeed captures most of correlations around the
Fermi surface that are important for 0νββ decay. The
small discrepancy may be due to fluctuations in like-
particle pairing, which we do not treat here but which,
according to the EDF-based work of Ref. [12], increase
0νββ matrix elements slightly. We could include those
fluctuations, but at the cost of a considerable increase in
computing time.
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FIG. 3. Low-lying excitation spectra of 76Ge and 76Se pro-
duced in one shell by the GCM with the GCN2850 interac-
tion, with and without triaxial deformation (labeled by the
parameter γ). The results from the exact diagonalization of
the shell-model Hamiltonian appear for comparison [41].
5IV. RESULTS IN TWO SHELLS
The promise of the Hamiltonian-based GCM is an
eventual ab initio calculation. Here we take a step in
that direction by working in the full fp − sdg two shell
space. The number of states for A = 76 nuclei in this
space is still too large for exact diagonalization.
Before considering Ge and Se, we make one more test,
for 48Ca, the one experimental candidate in which an
exact two-shell calculation is almost possible at present.
Ref. [4] uses the SDPFMU-DB interaction, with the omis-
sion of some cross-shell excitations, to compute the 0νββ
matrix element nearly exactly. Our GCM result, 1.082, is
close to 1.073, the result of Ref. [4], and suggests in ad-
dition that the cross-shell excitations neglected in that
paper really are unimportant. With some confidence in
the performance of the GCM in two shells, we turn to
the decay of 76Ge.
The first issue we must grapple in this mid-shell nu-
cleus is what to use for the valence-space Hamiltonian.
Ref. [14] used a multi-separable collective Hamiltonian
that we wish to improve on here. The size of the two-
shell space, however, makes the usual procedure, in which
shell-model Hamiltonians are tuned to data, difficult to
follow; furthermore, there are no well-tested Hamilto-
nians for this space on the market. The first step in
the usual approach is to produce an initial valence-space
Hamiltonian, traditionally in many-body perturbation
theory. Deficiencies in the many-body method are then
remedied by tuning single-particle energies and interac-
tion matrix elements to experimental data. Here we must
settle for adjusting only single-particle energies. The tun-
ing of interaction matrix elements requires repeated cal-
culations that are simply too time consuming.
Although nonperturbative methods such as the in-
medium similarity renormalization group can produce
shell-model Hamiltonians [42, 43], they have not been
tested systematically for valence spaces larger than one
major harmonic-oscillator shell. We therefore use the Ex-
tended Krenciglowa-Kuo (EKK) variant of many-body
perturbation theory [17], suitable for non-degenerate va-
lence spaces, to construct an effective Hamiltonian from
a third-order Q-box in the pf −sdg shell. We begin from
the 1.8/2.0 two- plus three-nucleon (3N) interaction of
Refs. [44, 45]; the interaction reproduces ground-state
energies across the light- and medium-mass regions of
the nuclear chart [46]. With ~ω = 10 MeV, a space of
13 major shells for intermediate-state sums is enough to
ensure convergence.
The monopole components of our valence-space Hamil-
tonian are particularly sensitive to the initial three-
nucleon interaction [47], which one generally reduces to
effective zero-, one- and two-body parts via normal or-
dering with respect to some independent-particle refer-
ence state [48]. For shell model calculations, the usual
reference state is the inert core, containing all orbitals
below the valence space. As discussed in Refs. [49, 50],
however, this choice completely omits three-nucleon in-
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bits produced by the interaction pfsdg (see text) for 76Ge and
76Se, following the adjustment of the single-particle energies
for levels in the lower shell. The measured occupancies are
from Refs. [51, 52].
teractions among the valence particles themselves, and
if the target nucleus (here 76Ge or 76Se) is far from the
core, the neglected effects become sizable. Since we can
choose to normal-order with respect to any reference we
want, it makes sense to include more orbitals, so that we
better capture the bulk effects of three-nucleon interac-
tions among valence particles. Thus, we take the refer-
ence state to be the (fictional) inert core corresponding to
56Ni. While this nucleus is still some distance in proton
and neutron number from the A = 76 nuclei, we expect it
to make a better reference than than the 40Ca core. We
call the resulting valence-space interaction pfsdg and use
it exclusively in the following.
Perhaps because of the non-ideal reference state, the
single-particle energies that emerge from the perturba-
tive procedure are poor. The proton sub-shell gap at
Z = 34 is too large, causing the proton pairing mean
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FIG. 5. Potential-energy surfaces for 76Ge (top) and 76Se
(bottom) with the Hamiltonian pfsdg.
field to disappear no matter what the deformation and
leading to occupation numbers that differ significantly
from measured values. To remedy the problem, we adjust
the single-particle energies of the orbits in the lower shell
to reproduce those values, while leaving the two-body
part of the Hamiltonian untouched. Figure 4 shows the
occupation numbers after adjustment, for both the pro-
jected HFB state with the minimum energy (which we
used to make the adjustments) and in the final GCM
states. Though the occupations change a little when the
HFB states are mixed in the GCM, they remain close to
the experimental values.
Figure 5 shows the resulting potential-energy surfaces.
The minimum occurs at smaller deformation than in the
one-shell example so that, as the calculated spectra in
Fig. 6 show, the energy of the first 2+ state rises no-
ticeably. This worsens the agreement with experiment
slightly in 76Ge, but improves it in 76Se. The excited 0+
0
1
2
3
4
GCMExp.
76Se
0
+
30
+
3
0
+
3
0
+
3
0
+
2
0
+
2
0
+
2
0
+
2
2
+
1
2
+
1
2
+
1
2
+
1
0
+
1
0
+
1
0
+
1
E
x
c
it
a
ti
o
n
e
n
e
rg
y
(M
e
V
)
0
+
1
76Ge
Exp. GCM
FIG. 2: Calculated low-lying excitation spectra of 76Ge and 76Se given by pfsdg-2 interaction,
compared with experimental data [5].
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4
FIG. 6. Calculated low-lying excitation spectra of 76Ge and
76Se produced by the Hamiltonian pfsdg alongside experi-
mental data [53].
states are also generally better reproduced in the two-
shell calculation.
The B(E2) values calculated in two shells are not bet-
ter than those from one shell, however. With the same
effective charges as before, we find noticeably smaller val-
ues: 0.126 in 76Ge and 0.221 in 76Se. The corresponding
experimental values are larger, 0.274 and 0.432. Evi-
dently, the E2 operator must be renormalized more in
two shells than in one, a result that is consistent with
the smaller deformation in the two-shell calculation but
is nevertheless a little surprising.
We turn finally to the 0νββ matrix elements, which ap-
pear in Table II. The total matrix element, once triaxial
deformation is included, is only slightly larger than that
from GCN2850 in a single shell. Though our interaction
is clearly not perfect, the result suggests that enlarging
the space further may not dramatically change the ma-
trix element, though gradual but continual changes with
the addition of successive shells cannot be ruled out. It
also shows the importance of including triaxial shapes in
larger spaces.
Figure 7 summarizes our ββ results. For the decay of
48Ca, as noted, we reproduce the exact shell model re-
sults nearly perfectly in both one and two shells. For the
axial full
M0νGT 3.25 2.01
− g2V
g2
A
M0νF 0.43 0.35
M0νT −0.03 −0.02
Total M0ν 3.65 2.34
TABLE II. GCM results for thte Gamow-Teller (M0νGT), Fermi
(M0νF ), and tensor (M
0ν
T ) 0νββ matrix elements for the decay
of 76Ge in two shells, with and without triaxial deformation.
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decay of 76Ge (and 82Se) in a single shell, the GCM re-
produces the exact result well enough, with two different
effective interactions. And in two shells, with a brand
new effective interaction, it obtains a result that is only
slightly different from the GCN2850 result in one shell.
An important caveat, in addition to those already men-
tioned: We really ought to be using an effective 0νββ op-
erator to accompany our effective interaction, as in Refs.
[54] and [55]. Those papers lead us to suspect a change
of 20% or less from an effective decay operator in two
shells. In any event, because we made significant phe-
nomenological adjustments to the single-particle energies
in the prototype calculation here, we cannot systemati-
cally construct the decay operator that should accom-
pany the effective interaction.
V. SUMMARY
The perfect many-body method will include all possi-
ble correlations in an infinitely-large space. One step on
the way to that ideal is to enlarge the single-particle space
for the shell-model, a method that includes all correla-
tions within that space. Here we have approximately di-
agonalized a shell-model Hamiltonian in two major shells.
Tests in a single shell, and in two shells for 48Ca, show
that the our approximation method includes the most im-
portant correlations. Our first-of-its-kind two-shell cal-
culation of the 0νββ matrix element in 76Ge suggests a
small effect from the extra single-particle orbitals.
There are at least two ways forward from here. We
should use a better effective Hamiltonian, either by
normal-ordering with respect to an ensemble reference
[50] that better includes bulk effects of three-nucleon
forces far from closed shells, or by careful tuning of the
interaction. The second option, besides being very dif-
ficult, would make it impossible to develop a consistent
effective operator, but the first should be pursued. One
might also use our GCM wave functions as a starting
point for refinement by the “multi-reference” version of
the In-Medium Similarity Renormalization Group. Work
in that direction is in progress.
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